Introduction
There are three major uses for biological growth curves:-(a) to compare differences in growth phenomena and perhaps conduct tests of these differences; (b) to describe the changes in growth phenomena under varying conditions of environment and/or heredity; (c) to describe the ideal growth phenomenon (that which is expected to be typical); . (a) has been extensively investigated in papers by WISHART (1938) and RAO (1958) ; (b) usually involves a comparison of growth phenomena for each of the varying conditions and hence reduces to (a). When (b) is purely descriptive, it involves initiating the investigation from given conditions or assumptions and obtaining the curve in terms of these conditions. Item (c) starts with empirical data and attempts to obtain a curve that will exactly describe the growth phenomenon. This paper is concerned with (c).
A recent paper by RICHARDS (1959) presents a general growth curve based on four parameters which admirably relates the different curves that have been studied in the past. Although this general curve is of interest when in the early stages of growth study, it does add an additional parameter to be estimated. The present paper is concerned with the subordinate problem of estimating the remaining three parameters given the fourth has been chosen such that the growth curve takes on the form of the Gompertz curve.
Growth curves are almost always asymmetric (BRODY, 1945) , so that while several workers have investigated symmetric curves, their work is usually inappropriate for purpose (c). The curve of VON BERTALANFFY (1938) has been given particular attention lately (e. g. BEVERTON and HOLT, 1957) , but it is an exponential curve everywhere concave downward so is also inappropriate for *) Published by permission of the Director, U. S. Bureau of Commercial Fisheries. **) Also on the mathematics faculty, University of Hawaii, Honolulu, Hawaii.
purpose (c). The only asymmetric sigmoid curve cited in the literature is that of GOMPERTZ (1825) . The Gompertz has classically provided good fits, its parameters are shown (WEYMOUTH and MCMILLIN, 1930) to relate to biological considerations, and it has rather extensive applications including as growth of individual animals and plants, growth of animal and microorganic populations, regeneration of tissue, mortality, chemical reactions (catalytic, temperature, etc.) (THOMPSON, 1948) , engineering applications (DAVIS, 1955) , and psychological learning curves.
Currently the use of the Gompertz suffers from lack of techniques to estimate its parameters. BRODY (1945) infers series expansion is necessary, stating that it is therefore of little practical use. It is the purpose of this paper to derive methods of estimating the Gompertz parameters.
For the Gompertz function
it can be easily shown that, for maximum likelihood estimation, no unique solution exists for a and b and no finite solution exists for c. No other method of obtaining estimators of the general parameters in terms of the independent variable has been found by the author or has been found in the literature. For the special case in which a is unity, a "log log" transformation will yield a function of y linear with a function of t and the usual techniques of linear estimation may be employed to find estimators of b and c; such a special case is not usual. There is another way to obtain estimators. The Gompertz function is singlevalued and continuous in both the independent and dependent variables. Therefore, the dependent variable, y, may be employed exclusively in obtaining estimators of parameters. Solutions in the dependent variable have been obtained and are given here.
One solution was obtained by SCHULER and is given in DAVIS (1955) for problems associated with chemical engineering. A second solution, somewhat more general, was obtained by the author and is given in two aspects, viz., a long and a short method. SCHULER'S method is given first. A derivation and a proof necessary to the author's method follow and then his long and short methods.
Schuler's Method
Suppose there are 3n values of t for equation (1) 
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from which estimates of c and b can be found. If (2) is solved for log a and the appropriate functions of the estimates of b and c substituted, there is obtained the expression from which an estimate of a may be obtained. It can be seen that SCHULER'S technique exhibits certain disadvantages. The number of observations must be 3/J, n a positive integer, and the independent variable values must be integers obtained at equal intervals. In logarithms must be obtained. Aside from restrictions on the independent variable observations, it is seen that, while c is a function of all three sums, a and b are obtained as functions of the first two sums only. This is a waste of data and may introduce bias. Furthermore, using the sums representing the lower part of the curve (concave upward), the center part (relatively straight), and the upper part (concave downward) as if they were three random observations suggests the introduction of further bias.
A Basic Derivation
Consider any three pairs of observations, say >>, -, yi + j, and yi+k, with the respective integral ^-values, /, / + j ,
Then in general,
Frequently k can be chosen such that k = 2j. In this case,
Equations (11) or (12) may be solved for c, since the left-hand side of the equation is a numerical value. In general, 0 < c < 1. The estimate for c can be substituted for c in the following equations to obtain an estimate for b. In general,
In the special case in which k = 2j,
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An estimate of b may be obtained from (14) or (15). In general, 0 < b < 1. The estimates for c and b may now be substituted for c and b in the following equations to obtain an estimate for a. from which an estimate for a may be found. Now we have estimates for a, b, and c from three and only three observations.
A Proof
We wish to prove that the first two moments of the Gompertz function exist. For convenience in series expansion, let us choose the Gompertz form used by WEYMOUTH and MCMILLIN (1930) (20). There exists a number N such that, whenever / > N, | a, | < fi t , where /*/ is the /th term of the absolutely convergent series e 8 . Thus (20) is an absolutely convergent series and JX^ exists. Thus the first two moments of the distribution (18) exist.
The Long Method
The author's method of fitting parameters to the Gompertz equation involves one restriction it shares with SCHULER'S method: the abscissa values must be integers. However, the restriction of equal intervals is absent so that this restriction can be circumvented by a scale transformation. The sample size will be 3« ^ 1, which may be read "3«, 3« increased by one, or 3« decreased by 1". The procedure in paragraph 3 above may be utilized n times. This may necessitate one observation, which may be chosen randomly, being used twice or being rejected from use. Utilization of the procedure n times will yield n estimates of a, b, and c.
If we average these n estimates for each parameter, we obtain a new set of estimates for a, b, and c, say a 0 , b 0 , and c 0 . In paragraph 4, it was shown that the first two moments exist for the Gompertz function, a, b, and c are functions, always finite for finite y ^= 0, of the observed y's, rather than of the observed t's as in usual estimation procedure. Thus the first two moments also exist for the distributions of each a, b, and c, by SLUTSKY'S theorem (CRAMER, 1946) . The existence of these moments permits the use of the central limit theorem. Thus each of a 0 , b 0 , and c 0 are distributed normally with distribution mean equal to the respective parameters. We have, then, that our estimates, a 0 , b 0 , and c 0 , approach the respective parameters stochastically as n increases. For large n this method is legitimate and should yield much more accurate estimates than does SCHULER'S technique. It is, however, a lengthy procedure for large n.
If measures of accuracy of estimation are desired, confidence intervals on the estimates could be obtained by use of the central limit theorem.
The Short Method
If a rapid estimation is desired, any three pairs of the observations may be chosen and the procedure of paragraph 3 above followed to obtain estimates for a, b, and c. If the error deviation of the observations from the true relationship between the variables is not large, this estimation should be adequate for most cases.
How the three observations to be used will be chosen is arbitrary. It is suggested that the first datum be chosen randomly from the first third of the number of observations and the remaining two data be chosen from the second and third thirds respectively such that k = 2y".
The Estimation of Age and Growth of YeUowfin Tuna
A paper by MOORE (1951) is concerned with the estimation of age and growth of yellowfin tuna. He obtains size (modal length) at a certain stage in growth and arbitrarily designates this size as associated with age N. Then he obtains age for other sizes in terms of T V + 1, N -2, etc. He postulates that a Gompertz growth curve represents the modal growth of the population. He extrapolates the spawning period from the condition of the gonads and from this extrapolates the time of birth. The curve is apparently a freehand sketch.
Using the techniques of the present paper, it is possible to obtain estimates of the parameters of a Gompertz equation from the data points without age being known.
Let us analyse MOORE'S data using the techniques of this paper. Let the time units t be months and let us arbitrarily designate the first data point as / = 1. Then the 25 data points are given as in Table 1 .
Let us postulate that a Gompertz curve represents the relationship between the length in centimetres, y, and the age of the yellowfin tuna in months, t. Since we chose an arbitrary / = 1, the origin will have to be moved d units along the ?-axis in order for the resultant curve to coincide with the data points. Thus, the postulated function is of the type (21) After obtaining estimates for the parameters in (21), we have the time of birth (or hatching) and may find the length at any age in months after birth. Following the technique of this paper, we could use either the long or the short method. It was not shown how rapidly the estimates by the long method converge to the parameters. The author feels intuitively that eight triplets of observations is an inadequate number for convergence and therefore the short method which is considerably simpler numerically is appropriate.
All sets of triplets y h y t +] , and y, + k having the property k = 2/ were obtained and one was chosen randomly. This triplet contained the data points (13, , (27, 138-7), and (41, 156-4) . From (12) It may be noted that lim a b ci '
so that 164-78 cm is the estimate of the asymptotic modal maximum of growth. Inspection of the curve obtained from the estimates (24), (26), and (28) showed that if the origin were translated 16 units to the left, the curve would pass satisfactorily through the data points. This gives 16 as an estimate of d. Table 2 gives y for several values of t' = t + 16 (t' is the age after birth). It is seen that a 6 year-old yellowfin will have very nearly attained his maximum possible growth. Also, the size of the yellowfin at birth is given as 0-2 cm, which is quite reasonable. Figure 1 shows the curve MOORE obtained for his data with the curve (30) superimposed. (30) gives birth about five months earlier than does MOORE. It is apparent from inspection that (30) yields as good a fit, despite having been obtained from only three data points.
Summary
The problem is to obtain an expression for the ideal growth curve of an organism (or other phenomenon) given a set of observations. Growth curves are discussed and the Gompertz curve posited. Methods for obtaining estimates of the Gompertz parameters are compared. Two new methods, both based on the same technique, are given. The long method provides estimates which converge in probability to the parameters as the sample size grows large, but involves a great deal of numerical calculation. The short method gives rapid and simple first approximations to the parameters, but is considerably less accurate.
A numerical example is given. Length data on yellowfin tuna from Hawaiian waters are analysed and an estimate of the growth curve is obtained; an estimate of the time of birth is also obtained so that length can be found as a function of age. 
